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Motivated by recent advance in orbitally tuned Feshbach resonance experiments, we analyze the
ground-state phase diagram and related low-energy excitation spectra of a d-wave interacting Bose
gas. A two-channel model with d-wave symmetric interactions and background s-wave interactions is
adopted to characterize the gas. The ground state is found to show three interesting phases: atomic,
molecular, and atomic-molecular superfluidity. Remarkably differently from what was previously
known in the p-wave case, the atomic superfluid is found to be momentum-independent in the
present d-wave case. Bogoliubov spectra above each superfluid phase are obtained both analytically
and numerically.
I. INTRODUCTION
Orbitally high-partial-wave interacting quantum
gases [1] steadily attract research interest due to the
potential to show exotic superfluididty. For example,
d-wave interacting Fermi gases may be employed to com-
pare the d-wave superfluid. Recently, d-wave scattering
resonance was observed in more and more ultracold
atomic gases [2–6]. Particularly the observation of
degenerate d-wave-interacting Bose gases with d-wave
shape resonance [5] makes the hidden d-wave many-body
correlation experimentally more accessible.
Unlike s-wave interaction, the closed channels of high-
partial-wave Feshbach resonance carry finite momentum.
For example, the closed channels of the p-wave Feshbach
resonance carry a total angular momentum of 1~ and the
interaction term is proportional to momentum k. It is
predicted that finite-momentum superfluid emerges in a
p-wave interacting Bose gas [7–9]. The closed channels
of d-wave Feshbach resonance carry a total angular mo-
mentum of 2~, and hence the many-body form is propor-
tional to the square of momentum k2. Although d-wave
electronic Fermi superconductor has been studied exten-
sively in condensed matter physics, to the best of our
knowledge, what possible many-body states the d-wave
interacting atomic Bose gases should exhibit is a widely
open question.
Inspired by recent experimental progress [4–6], we an-
alyze the zero-temperature mean-field ground state and
Bogoliubov spectrum of a d-wave interacting Bose gas in
this paper. A two-channel model is adopted for a mix-
ture of two components interacting via d-wave interac-
tion. Similar to the p-wave interacting Bose gas [7–9],
the mean-field ground state typically shows three quan-
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tum phases: atomic superfluid (ASF), molecular super-
fluid (MSF) and atomic-molecular superfluid (AMSF).
But unlike the p-wave case, the atomic superfluid does
not carry finite momentum. The phase boundaries are
analytically obtained. Further, the Bogoliubov excita-
tion spectrum is analyzed both numerically and analyti-
cally above the superfluid groundstate with d-orbital as-
pects.
II. MODEL
Inspired by the experiments[4, 10], we will focus on a
gas mixture of two distinguishable bosonic atoms (e.g.,
85Rb and 87Rb). The two atomic fields are created by
ψˆ†σ = (ψˆ
†
1, ψˆ
†
2) and interact through a d-wave FR as-
sociated with a tunable molecular bound state [8, 11].
According to the symmetry of this system, the angu-
lar momentum is a good quantum number and the re-
lated d-wave molecule (e.g., 85Rb-87Rb) field is created
by φˆ†m = (φˆ
†
−2, φˆ
†
−1, φˆ
†
0, φˆ
†
1, φˆ
†
2), which corresponds to the
five closed-channel molecule states (e.g., lz=0, ±1, ±2).
The Hamiltonian density for this system is written as (we
take ~=1 throughout) [12],
H =
∑
σ=1,2
ψˆ†σ(−
∇2
2m
− µσ)ψˆσ +
2∑
m=−2
[φˆ†m(−
∇2
4m
+ z(−∇
2
4m
)2
− µM )φˆm.− g(φˆ†mym + h.c.)] +Hbg,
(1)
where ym [12] and Hbg are respectively given by
ym =
1
4
∑
a,b=x,y,z
Cmab[(∂aψˆ1)(∂bψˆ2)− (∂a∂bψˆ1)ψˆ2
+ (∂bψˆ1)(∂aψˆ2)− ψˆ1(∂a∂bψˆ2)],
(2)
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2Hbg =1
2
∑
σ,σ′=1,2
λσσ′ |ψˆσ|2|ψˆσ′ |2 +
2∑
m,n=−2
g0
2
(φˆ†mφˆm)(φˆ
†
nφˆn)
+
2∑
m=−2
gAM(|ψˆ1|2 + |ψˆ2|2)φˆ†mφˆm.
(3)
Here µ1 and µ2 are the chemical potentials of the atoms
and µM is that for molecule. The detuning between
atomic and molecular channels is given by ν = µ1 +
µ2−µM . g characterizes the d-wave interaction strength.
Cmab is the Clebsch-Gordan coefficient [11], satisfying∑
a,b C
m
abkakb/k
2 =
√
4piY m2 (kˆ), where Y
m
2 (kˆ) is the
spherical harmonics. For simplicity, we have taken the
two atomic masses m to be identical, which is a good ap-
proximation for the 85Rb and 87Rb mixture. In the back-
ground interaction Hbg, the λσσ′ term characterizes the
atom-atom interactions given by different species respec-
tively, the gAM term describes the atom-molecule inter-
action, and the g0 term describes the molecule-molecule
interaction.
III. MEAN-FIELD THEORY
We will obtain the Landau free energy by applying
mean-field theory to our model and minimize it to es-
tablish the phase diagram and analyze the phase tran-
sition. This method is equivalent to solving Gross-
Pitaevskii equation. Replacing the atomic and molecular
field operators with their relative classical order parame-
ters Ψσ,Φm, we obtain the Landau free energy function
F [Ψσ,Φm] = 〈H〉.
We decompose our mean-field parameters to charac-
terize the states of the system. For the atomic conden-
sates Ψ1 and Ψ2, let us use Fourier transform and make
these fields complex periodic functions characterized by
momenta Qn,
Ψσ =
∑
Qn
Ψσ,Qne
iQn·r. (4)
It is generally expected that the assumption of having a
single component, Qn = Q is sufficient to capture the
qualitative picture of the ground state [13]. Based on the
energetics of the model (see supplementary), the simplest
single Q1 = Q form is given by
Ψ1 = Ψ1,Qe
iQ·r, (5)
Ψ2 = Ψ2,−Qe−iQ·r.
A. Atomic Superfluid Phase
For large positive detuning ν > 0, the atomic channels
have lower energy and the ground state is a molecule
vacuum. Thus the molecular order parameters vanish,
N
ASF2
ASF1
ASF12
-μ1
-μ2
FIG. 1: Mean-field phase diagram of a d-wave resonant two-
component Bose gas for large positive detuning and 4λ11λ22−
(λ12 + λ21)
2 > 0. The atomic channels have lower energy.
ASF1 and ASF2 refer to single atom species superfluid state,
and ASF12 refers to double atom species superfluid state.
leading to an effective atomic free energy [8],
FA[Ψσ] =
∫
d3r
∑
σ=1,2
Ψ∗σ(−
∇2
2m
− µσ)Ψσ (6)
+
∑
σ,σ′=1,2
λσ,σ′
2
|Ψσ|2|Ψσ′ |2 .
This free energy is minimized by spatially uniform atomic
order parameters [14] and leads to the free energy density
fA = FA/V with the form
fA = −
∑
σ=1,2
µσ|Ψσ|2 +
∑
σ,σ′=1,2
λσ,σ′
2
|Ψσ|2|Ψσ′ |2 .(7)
For 4λ11λ22 − (λ12 + λ21)2 > 0, the minimization of fA
leads to different superfluid phases as µ1 and µ2 change,
which are listed in Table I (see Fig. 1). Otherwise, for
4λ11λ22 − (λ12 + λ21)2 < 0, the ASF12 phase tends to
be unstable, there will be a direct first-order phase tran-
sition from ASF1 to ASF2, and its phase boundary is
determined to be µ2 =
√
λ22
λ11
µ1 (see Fig. 2).
B. Molecular Superfluid Phase
In the MSF phase, we have large negative detuning
ν < 0, that is, −ν  |µ1,2|. The molecular channels have
lower energy and the ground state is an atom vacuum.
The free energy density fM is given as
fM =
2∑
m=−2
−µM |Φm|2 +
2∑
m,n=−2
g0
2
(Φ∗mΦm)(Φ
∗
nΦn). (8)
3phase chemical potentials Ψ1 Ψ2
N µ1 < 0, µ2 < 0 0 0
ASF1 µ1 > 0, µ2 <
λ12+λ21
2λ11
µ1
√
µ1
λ11
0
ASF2 µ1 <
λ12+λ21
2λ22
µ2, µ2 > 0 0
√
µ2
λ22
ASF12 µ1 >
λ12+λ21
2λ22
µ2, µ2 >
λ12+λ21
2λ11
µ1
√
4λ22µ1−2(λ12+λ21)µ2
4λ11λ22−(λ12+λ21)2
√
4λ11µ2−2(λ12+λ21)µ1
4λ11λ22−(λ12+λ21)2
TABLE I: Sub-phases of the ASF phase. i) When µ1 and µ2 are negative, both atomic species are in the normal (N) phase. ii)
When µ1 > 0, µ2 <
λ12+λ21
2λ11
µ1, the atom 1 forms condensate. iii) When µ1 <
λ12+λ21
2λ22
µ2, µ2 > 0, the atom 2 forms condensate.
iv) When µ1 >
λ12+λ21
2λ22
µ2, µ2 >
λ12+λ21
2λ11
µ1, both atom species form condensates.
The molecular condensate density is obtained by minimizing
the free energy,
Φ =
√
µM
g0
D(0, 0, 1, 0, 0)T , (9)
where D is an SU(5) matrix satisfying D ∗ D† = 1. The
ground state implies a broken symmetry group SU(5).
C. Atomic-Molecular Superfluid
For the intermediate detuning, both the atomic and molec-
ular modes are gapless. To understand the phase boundaries
and the behavior of order parameters, it is convenient to ap-
proach the AMSF phase from MSF phase [8]. For simplicity,
we specialize in a balanced mixture by µ1 = µ2 = µ. Apply-
ing mean-field assumption, we obtain the free energy density
fAM = F [Ψσ,Φm]/V = fQ + fM , where fQ describes the
Q-dependent fragment in the free energy density fAM ,
fQ =
∑
σ=1,2
εQ|Ψσ,Qσ |2 − (∆∗QΨ1,QΨ2,−Q + c.c.) (10)
+
∑
σ,σ′=1,2
λσ,σ′
2
|Ψσ,Qσ |2|Ψσ′,Qσ′ |
2 ,
fM = −
2∑
m=−2
µMΦ
∗
mΦm +
2∑
m,n=−2
g0
2
(Φ∗mΦm)(Φ
∗
nΦn).(11)
where the atomic order parameter ansatz Eqs. (5) is used
to simplify fQ. εQ = (
Q2
2m
− µ + ∑2m=−2 gAM|Φm|2),∆Q =∑2
m=−2 g
√
4piQ2Y m2 (Qˆ)Φm,Q1 = Q and Q2 = −Q. When
we approach the ASMF phase from the MSF phase, the
atomic condensate fractions are considered to be small and
perturbative. Thus, in Eq. (10), the quadratic order terms
are enough to characterize the free energy density fQ. We
focus on these terms for the time being,
f0Q =
∑
σ=1,2
εQ|Ψσ,Qσ |2 − (∆∗QΨ1,QΨ2,−Q + c.c.)
= (Ψ∗1,Q Ψ2,−Q)
(
εQ −∆Q
−∆∗Q εQ
)(
Ψ1,Q
Ψ∗2,−Q
)
= +Q|Ψ+|2 + −Q|Ψ−|2,
(12)
where the free energy density is written in a diagonalized for-
mula. The eigenvalues +Q, 
−
Q and eigenvectors Ψ−,Ψ
∗
+ are
listed below, (
+Q
−Q
)
=
(
εQ + |∆Q|
εQ − |∆Q|
)
. (13)
(
Ψ−
Ψ∗+
)
=
1√
2
(
e−iθ0Ψ1,Q + Ψ∗2,−Q
−e−iθ0Ψ1,Q + Ψ∗2,−Q
)
, (14)
where θ0 is the angle of ∆Q, ∆Q = |∆Q|eiθ0 . When the
atom condensate is emergent in the AMSF phase, they prefer
to stay at a lower energy level, which means Ψ+ = 0. We
deduce that
Ψ∗2,−Q = e
−iθ0Ψ1,Q. (15)
Furthermore, a zero momentum solution is obtained to mini-
mize the Q-dependent fragment of the free energy,
Q = 0, (16)
|Ψ−| =
√
−−Q
λ
, (17)
where −Q = −µ+
∑2
m=−2 gAMΦ
∗
mΦm, λ =
1
4
(λ11+λ22+λ12+
λ21). The above result Eq. (16) implies that unlike the p-wave
case [7], the atomic superfluid is shown to be momentum-
independent.
Now let us come back to fAM by adding molecular related
energy density into Eq. (10), and simplify it with Eq. (15),
fAM = − 1
2λ
[µ− gAM
2∑
m=−2
|Φm|2]2 − µM
2∑
m=−2
|Φm|2
+
g0
2
2∑
m,n=−2
(Φ∗mΦm)(Φ
∗
nΦn) . (18)
The condensate mean-field ground states are obtained to min-
imize the free energy fAM ,
Φ =
√
gAMµ− λµM
g2AM − g0λ
D(0, 0, 1, 0, 0)T , (19)
|Ψ1,2| =
√
g0µ− gAMµM
2λg0 − 2g2AM
, (20)
4NASF1
ASF2
-μ1
-μ2
FIG. 2: Mean-field phase diagram of a d-wave resonant
two-component Bose gas for large positive detuning and
4λ11λ22 − (λ12 + λ21)2 < 0. A valid phase of significant con-
densate fraction in both atom fields is not found in mean-field
calculation. The phases ASF1 and ASF2 are separated by a
first-order transition boundary.
ν
MSF AMSF ASF
ν1d ν2d
na
nM
n
FIG. 3: Schematic atomic and molecular condensate density
versus the FR detuning ν. Red curves are for molecule con-
densate density, blue curves are for atom condensate density,
i) MSF for ν < νd1 ii) AMSF for ν
d
1 < ν < ν
d
2 iii) ASF for
ν > νd2 .
where D is an SU(5) rotation matrix. Similar to the analysis
in the MSF context, the broken symmetry group is SU(5).
The condensate densities are
nM =
(2λ− gAM)µ− λν
λg0 − g2AM
, (21)
nA =
(g0 − 2gAM)µ+ gAMν
λg0 − g2AM
. (22)
By setting nA = 0 and nM = 0 respectively, we obtain the
two phase boundaries to separate the three phases molecular
superfluid (MSF), atomic-molecular superfluid (AMSF) and
atomic superfluid (ASF):
νd1 = (2− g0
gAM
)µ, , (23)
νd2 = (2− gAM
λ
)µ. (24)
IV. LOW ENERGY EXCITATIONS
In this section, we will focus on the low energy excitations
for d-wave FR to cross examine the consistency of mean-field
results. To begin with, we expand the field operators in the
ASF, MSF and AMSF phases around their mean-field con-
densate values [8, 9],
ψˆσ = Ψσ + δψˆσ,
φˆm = Φm + δφˆm,
(25)
in the momentum space,
δψˆσ =
1√
V
∑
k
aˆσ,ke
ik·r, (26)
δφˆm =
1√
V
∑
k
bˆm,ke
ik·r.
With the above representations, the Hamiltonian (1) is ex-
panded up to the second order in terms of the operators aˆσ,k
and bˆm,k,
Hf =
∑
k
{
∑
σ=1,2
(
1
2
εσ,k+Qσ aˆ
†
σ,k+Qσ
aˆσ,k+Qσ + λ˜σaˆσ,−k+Qσ aˆσ,k+Qσ ) + t1aˆ
†
1,k+Qaˆ2,k−Q + t2,k+Qaˆ1,k+Qaˆ2,−k−Q (27)
+
∑
m
(
1
2
ωm,k bˆ
†
m,k bˆm,k + δmbˆm,−k bˆm,k) +
1
2
∑
m 6=n
(gm,nbˆ
†
n,k bˆm,k + γm,nbˆm,−k bˆn,k)
+
∑
σ,m
β1,m,σaˆ
†
σ,k+Qσ
bˆm,k +
∑
σ,m
β2,m,σaˆ
†
σ,k+Qσ
bˆ†m,−k +
∑
σ,m
β3,m,σaˆσ,−k+Qσ bˆm,k +
∑
σ,m
β4,m,σaˆσ,−k+Qσ bˆ
†
m,−k
−
∑
σ,m
αm,σ,kbˆ
†
m,kaˆσ,k+Qσ + h.c.}.
The parameters are defined below,
εσ,k = k − µσ + 2λσ,σ|Ψσ|2 + 1
2
(λ12 + λ21)|Ψσ|2 (28)
+gAM
∑
m
Φ∗mΦm ,
ωm,k =
1
2
k + z(
1
2
k)
2 − µM + g0
∑
n
Φ∗nΦn (29)
+g0Φ
∗
mΦm + gAM(|Ψ1|2 + |Ψ2|2) ,
5λ˜σ =
1
2
λσ,σΨ
∗2
σ , (30)
t1 =
1
2
(λ12 + λ21)Ψ1Ψ
∗
2, (31)
t2,k =
1
2
(λ12 + λ21)Ψ
∗
1Ψ
∗
2 − g
√
4pik2
∑
m
Φ∗mY
m
2 (kˆ), (32)
δm =
1
2
g0Φ
∗
mΦ
∗
m, (33)
gm,n = g0Φ
∗
mΦn, (34)
γm,n = g0Φ
∗
mΦ
∗
n, (35)
β1,m,σ = gAMΨσΦ
∗
m, (36)
β2,m,σ = gAMΨσΦm, (37)
β3,m,σ = gAMΨ
∗
σΦ
∗
m, (38)
β4,m,σ = gAMΨ
∗
σΦm, (39)
αm,σ,k = g
√
4piΨσ,Qσ (Qσ −
k
2
)2Y m2 ( ̂k− 2Qσ), (40)
where k =
k2
2m
, 1 = 2 and 2 = 1. We will diagonalize the
Hamiltonian theoretically up to the order of k2, and use exact
diagonalization to testify our analysis in the meanwhile.
A. Atomic Superfluid
In the ASF phase, it has been found that the molecular
modes are gapped, the relative mean-field Φm = 0, and the
atoms are condensed at zero momentum Q = 0. The full
Bogliubov Hamiltonian is rewritten by substituting these con-
ditions in
Hf =
∑
k,i,j
cˆ†i,kh
i,j
k cˆj,k, (41)
where cˆk and hk are defined below,
cˆ†k =
[
aˆ†1,k aˆ1,−k aˆ
†
2,k aˆ2,−k bˆ
†
−2,k bˆ2,−k bˆ
†
−1,k bˆ1,−k bˆ
†
0,k bˆ0,−k bˆ
†
1,k bˆ−1,−k bˆ
†
2,k bˆ−2,−k
]
, (42)
hk =

ε1,k 2λ˜
∗
1 t1 t
∗
2,k −α∗−2,2,k 0 −α∗−1,2,k 0 −α∗0,2,k 0 −α∗1,2,k 0 −α∗2,2,k 0
2λ˜1 ε1,−k t2,−k t∗1 0 −α2,2,−k 0 −α1,2,−k 0 −α0,2,−k 0 −α−1,2,−k 0 −α−2,2,−k
t∗1 t
∗
2,−k ε2,k 2λ˜
∗
2 −α∗−2,1,k 0 −α∗−1,1,k 0 −α∗0,1,k 0 −α∗1,1,k 0 −α∗2,1,k 0
t2,k t1 2λ˜2 ε2,−k 0 −α2,1,−k 0 −α1,1,−k 0 −α0,1,−k 0 −α−1,1,−k 0 −α−2,1,−k
−α−2,2,k 0 −α−2,1,k 0 ω−2,k 0 0 0 0 0 0 0 0 0
0 −α∗2,2,−k 0 −α∗2,1,−k 0 ω2,k 0 0 0 0 0 0 0 0
−α−1,2,k 0 −α−1,1,k 0 0 0 ω−1,k 0 0 0 0 0 0 0
0 −α∗1,2,−k 0 −α∗1,1,−k 0 0 0 ω1,k 0 0 0 0 0
−α0,2,k 0 −α0,1,k 0 0 0 0 0 ω0,k 0 0 0 0 0
0 −α∗0,2,−k 0 −α∗0,1,−k 0 0 0 0 0 ω0,k 0 0 0 0
−α1,2,k 0 −α1,1,k 0 0 0 0 0 0 0 ω1,k 0 0 0
0 −α∗−1,2,−k 0 −α∗−1,1,−k 0 0 0 0 0 0 0 ω−1,k 0 0
−α2,2,k 0 −α2,1,k 0 0 0 0 0 0 0 0 0 ω2,k 0
0 −α∗−2,2,−k 0 −α∗−2,1,−k 0 0 0 0 0 0 0 0 0 ω−2,k

, (43)
where the reduced parameters are defined below,
εσ,k = k − µσ + 2λσ,σ|Ψσ|2 + λ12 + λ21
2
|Ψσ|2, (44)
ωk =
1
2
k + z(
1
2
k)
2 − µM + gAM(|Ψ1|2 + |Ψ2|2), (45)
λ˜σ =
1
2
λσ,σΨ
∗2
σ , (46)
t1 =
1
2
(λ12 + λ21)Ψ1Ψ
∗
2, (47)
t2,k =
1
2
(λ12 + λ21)Ψ
∗
1Ψ
∗
2, (48)
αm,σ,k =
1
4
g
√
4piΨσ,Qσk
2Y m2 (kˆ). (49)
To find out the atomic modes, we need to integrate the
molecular modes out (see supplementary). In the low energy
regime, when k → 0, we consider the dispersion up to k2
order. The atomic modes are given by
EA1,k =
√
k2
2m
(
k2
2m
+ 2λnA), (50)
EA2,k =
√
(2λ− λ12 − λ21)nA
2m
k, (51)
where nA is atom condensate density, nA = |Ψ1|2 + |Ψ2|2.
Obviously, the atomic modes are gapless excitaitons present
6FIG. 4: Schematic ASF phase excitation spectrum. All the
molecular modes are gapped, but the atomic modes are gap-
less. The five molecule modes are degenerate. The numerical
results and theoretical results fit well in small k regime.
in the superfluid states. The molecular modes are given by
EM−2,−1,0,1,2,k =
k2
4m
+ ν − 2λnA + gAMnA. (52)
The molecular modes dispersion has energy gap ν − 2λnA +
gAMnA. When it vanishes, we have the transition from ASF
phase to AMSF phase at the detuning value
ν = 2λnA − gAMnA, (53)
which is consistent with Eq. (24)(we have nA = µ/λ). Fig. 4
shows the theoretical results and numerical results. They fit
well in the small k region.
B. Molecular Superfluid
In the MSF phase, the atomic modes are gapped and their
mean-fields Ψ1 = Ψ2 = 0. The vanishing of atomic mean-
fields results in αm,σ,k = 0, which means the atomic Hamil-
tonian and molecular Hamiltonian are separable. Thus we
can obtain the atomic modes and molecular modes separately
without considering their interactions.
Hf = HA +HM , (54)
Atomic Hamiltonian HA is given as,
HA =
∑
k

aˆ†1,k
aˆ†2,k
aˆ1,−k
aˆ2,−k

T
ε1,k 0 0 t
∗
2,k
0 ε2,k t
∗
2,−k 0
0 t2,−k ε1,−k 0
t2,k 0 0 ε2,−k


aˆ1,k
aˆ2,k
aˆ†1,−k
aˆ†2,−k
, (55)
where the reduced parameters are defined below,
εσ,k = k − µσ + gAMnM , (56)
t2,k = g
√
4pik2
∑
m
Φ∗mY
m
2 (kˆ). (57)
FIG. 5: Schematic MSF phase excitation spectrum. The
atomic modes are gapped and degenerate. All the molecu-
lar modes are gapless, m = ±1,±2 are degenerate on the
lower green line, m = 0 is on the upper green line.
The respective atomic dispersions are degenerate,
EAk =
√
ε2k − 4pig2k4
∑
m,n ΦmY
m
2 (k̂)Φ
∗
nY
n
2 (k̂), (58)
For the MSF phase, µ = 1
2
(µM+ν) <
1
2
(µM+ν
d
1 ), from which
we can obtain −µ+ gAMnM > 0. So in Eq. (58) k = 0 gives
us the energy gap,
∆EAk = −µ+ gAMnM , (59)
By setting ∆Eak = 0, the atomic modes become gapless and
the atomic condensates are emergent, which gives us
µ = gAMnM . (60)
Applying ν = 2µ − µM and µM = g0nM (see Eq. (9)), we
obtain the transition from the MSF to AMSF phase at the
detuning value,
ν = (2− g0
gAM
)µ, (61)
which is consistent with Eq. (23).
Let us turn to the molecular modes in the MSF phase.
Referring to the mean-field ground state (9), we choose the
simplest case D = 1 to explore its low energy excitation,
Φ−2,−1,1,2 = 0, (62)
Φ0 =
√
nM . (63)
The molecular Hamiltonian is hence given as
Hm =
∑
k,i,j
bˆ†i,kh
i,j
m,kbˆj,k, (64)
where bˆi,k and hm,k are defined below,
7bˆ†i,k = (bˆ
†
−2,k, bˆ2,−k, bˆ
†
−1,k, bˆ1,−k, bˆ
†
0,k, bˆ0,−k, bˆ
†
1,k, bˆ−1,−k, bˆ
†
2,k, bˆ−2,−k), (65)
hk =

Ω−2 0 0 0 0
0 Ω−1 0 0 0
0 0 Ω0 0 0
0 0 0 Ω1 0
0 0 0 0 Ω2
 , (66)
where Ωn is a 2× 2 matrix, defined as
Ωn 6=0 =
(
ωn,k 0
0 ω−n,k
)
, (67)
Ωn=0 =
(
ω0,k 2δ
∗
0
2δ0 ω0,k
)
, (68)
the reduced parameters are
ωn 6=0,k =
1
2
k + z(
1
2
k)
2 − µM + g0nM , (69)
ωn=0,k =
1
2
k + z(
1
2
k)
2 − µM + 2g0nM , (70)
δ0 =
1
2
g0nM . (71)
The diagonalization of Hamiltonian (66) is straightforward.
Up to k2 order, the molecular mode dispersions are
EM0,k =
√
g0nM
2m
k, (72)
EMn=±1,±2,k =
k2
4m
, (73)
the five molecular modes are all gapless, which proves that
they are in superfluid state. Fig. 5 shows the consistency
between the theoretical results and numerical results.
C. Atomic-Molecular Superfluid
For the intermediate phase, both atomic and molecular
condensates exist. Hence, they define a complicated coupled
Hamiltonian, Eq. (27). The molecular and atomic condensate
mean-field solutions are given as
Φ =
√
gAMµ− λµM
g2AM − g0λ
D(0, 0, 1, 0, 0)T , (74)
Ψ1,2 =
√
g0µ− gAMµM
2λg0 − 2g2AM
. (75)
Similar to what we have achieved in the MSF phase, we choose
the simplest case to compute the spectrums, D = 1, so that
the Hamiltonian is reduced to
Hf =
∑
k,i,j
cˆ†i,kh
i,j
k cˆj,k, (76)
where cˆk and hk are defined below,
cˆ†k =
[
aˆ†1,k aˆ1,−k aˆ
†
2,k aˆ2,−k bˆ
†
−2,k bˆ2,−k bˆ
†
−1,k bˆ1,−k bˆ
†
0,k bˆ0,−k bˆ
†
1,k bˆ−1,−k bˆ
†
2,k bˆ−2,−k
]
, (77)
hi,jk =

ε1,k 2λ˜
∗
1 t1 t
∗
2,k −α∗−2,2,k 0 −α∗−1,2,k 0 −α∗0,2,k + β1,0,1 β2,0,1 −α∗1,2,k 0 −α∗2,2,k 0
2λ˜1 ε1,−k t2,−k t∗1 0 −α2,2,−k 0 −α1,2,−k β3,0,1 −α0,2,−k + β4,0,1 0 −α−1,2,−k 0 −α−2,2,−k
t∗1 t
∗
2,−k ε2,k 2λ˜
∗
2 −α∗−2,1,k 0 −α∗−1,1,k 0 −α∗0,1,k + β1,0,2 β2,0,2 −α∗1,1,k 0 −α∗2,1,k 0
t2,k t1 2λ˜2 ε2,−k 0 −α2,1,−k 0 −α1,1,−k β3,0,2 −α0,1,−k + β4,0,2 0 −α−1,1,−k 0 −α−2,1,−k
−α−2,2,k 0 −α−2,1,k 0 ω−2,k 0 0 0 0 0 0 0 0 0
0 −α∗2,2,−k 0 −α∗2,1,−k 0 ω2,k 0 0 0 0 0 0 0 0
−α−1,2,k 0 −α−1,1,k 0 0 0 ω−1,k 0 0 0 0 0 0 0
0 −α∗1,2,−k 0 −α∗1,1,−k 0 0 0 ω1,k 0 0 0 0 0
−α0,2,k + β∗1,0,1 β∗3,0,1 −α0,1,k + β∗1,0,2 β∗3,0,2 0 0 0 0 ω0,k 2δ∗0 0 0 0 0
β∗2,0,1 −α∗0,2,−k + β∗4,0,1 β∗2,0,2 −α∗0,1,−k + β∗4,0,2 0 0 0 0 2δ0 ω0,k 0 0 0 0
−α1,2,k 0 −α1,1,k 0 0 0 0 0 0 0 ω1,k 0 0 0
0 −α∗−1,2,−k 0 −α∗−1,1,−k 0 0 0 0 0 0 0 ω−1,k 0 0
−α2,2,k 0 −α2,1,k 0 0 0 0 0 0 0 0 0 ω2,k 0
0 −α∗−2,2,−k 0 −α∗−2,1,−k 0 0 0 0 0 0 0 0 0 ω−2,k

, (78)
where the reduced parameters are given as
εσ,k = k − µ+ λσ,σnA + 1
4
(λ12 + λ21)nA
+gAMnM , (79)
ωm,k =
1
2
k + z(
1
2
k)
2 − µM + g0nM (80)
+g0nMδm,0 + gAMnA ,
8FIG. 6: Schematic AMSF phase excitation spectrum. The
atomic modes are gapless on the two blue lines. The molecular
modes are also gapless: m = ±1,±2 are degenerate on the
lower green line; m = 0 is on the upper green line.
λ˜σ =
1
4
λσ,σnA, (81)
t1 =
1
4
(λ12 + λ21)nA, (82)
t2,k =
1
4
(λ12 + λ21)nA − g
√
4pinMk
2Y 02 (kˆ), (83)
δm =
1
2
g0nMδm,0, (84)
βi,0,σ = gAM
√
nAnM
2
, i = 1, 2, 3, 4, (85)
αm,σ,k =
√
2pi
4
g
√
nAk
2Y m2 (kˆ), (86)
where δm,0 is Kronecker delta function, and nA, nM represent
the atom and molecule condensate density respectively.
Diagonalizing this Hamiltonian leads to the spectrums up
to the order of k,
EA1,k =
√
λnA
m
k, (87)
EA2,k =
√
(2λ− λ12 − λ21)nA( 1
2m
−√5nMg)k, (88)
EM0,k =
√
(g0 +
g2AM
λ
)nM
2m
k, (89)
EMn=±1,±2,k =
k2
4m
, (90)
Fig. 6 shows the consistency between the theoretical results
and numerical results.
V. CONCLUSION
In this paper, we study the mean-field ground state of a d-
wave interacting Bose gas, and it is found that there are three
superfluid phases: atomic, molecular and atomic-molecular
superfluid phases. What is most surprising is that unlike the
p-wave case [7–9], we find the atomic superfluid does not carry
finite momentum. Further, we study the low-energy excita-
tion spectrum above the superfluid phases. Our work provides
a basic reference for the experiment on degenerate d-wave in-
teracting Bose gas.
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VI. SUPPLEMENTARY
A. Atomic Order Parameters
Up to the order of Q, the collinear states fall into two uni-
versality classes, FF-like [15] and LO-like [16] single harmonic
forms,
ΨFFσ = Ψσ,Qσe
iQσ·r,
ΨLOσ = Ψσ,Qe
iQ·r + Ψσ,−Qe
−iQ·r,
where Ψσ,Q = Ψσ,−Q. We will prove in the following context
that FF-like form is energetically preferred in a low energy
regime.
In LO form, the free energy density is
f = F/V = fM + fQ,
where
fM =
2∑
m=−2
−µM |Φm|2 +
2∑
m,n=−2
g0
2
(Φ∗mΦm)(Φ
∗
nΦn),
fQ =
1
V
∫
V
d3r
∑
σ=1,2
4εQ(|Ψσ,Q|2 cos2 (Q · r))
−[∆∗(Ψ1,QΨ2,−Q + Ψ1,−QΨ2,Q) + c.c.]
+
∑
σ,σ′=1,2
λσ,σ′
2
|Ψσ|2|Ψσ′ |2,
9and εQ =
Q2
2m
−µ+gAMnM ,∆ = ∑2m=−2 g√4piQ2ΦmY m2 (Qˆ).
For the quadratic part, we rewrite it in the matrix formula,
f0Q =
1
V
∫
V
d3r

Ψ∗1,Q
Ψ1,−Q
Ψ∗2,Q
Ψ2,−Q

T 
2εQ cos
2 (Q · r) 0 0 −∆Q
0 2εQ cos
2 (Q · r) −∆∗Q 0
0 −∆Q 2εQ cos2 (Q · r) 0
−∆∗Q 0 0 2εQ cos2 (Q · r)


Ψ1,Q
Ψ∗1,−Q
Ψ2,Q
Ψ∗2,−Q
,
We diagonalize the quadratic Hamiltonian, obtaining the
eigenvector matrix and eigenvalues,
U =
1√
2

e−iθ0 0 −e−iθ0 0
0 eiθ0 0 −eiθ0
0 1 0 1
1 0 1 0
,
V =

2εQ cos
2 (Q · r)− |∆Q| 0 0 0
0 2εQ cos
2 (Q · r)− |∆Q| 0 0
0 0 2εQ cos
2 (Q · r) + |∆Q| 0
0 0 0 2εQ cos
2 (Q · r) + |∆Q|
.
Hence, we can write the Nambu basis as

Ψ−,Q
Ψ∗−,−Q
Ψ+,Q
Ψ∗+,−Q
 = 1√2

eiθ0Ψ1,Q + Ψ
∗
2,−Q
e−iθ0Ψ∗1,Q + Ψ2,−Q
−eiθ0Ψ1,Q + Ψ∗2,−Q
−e−iθ0Ψ∗1,Q + Ψ2,−Q
.
In the AMSF phase and ASF phase, the atoms prefer to
stay at a lower energy level, such that in the ground state
Ψ+,Q = 0,Ψ
∗
+,−Q = 0. We obtain Ψ
∗
2,−Q = e
iθ0Ψ1,Q, and
Ψ−,Q =
√
2eiθ0Ψ1,Q,Ψ−,−Q =
√
2e−iθ0Ψ∗1,Q, where θ0 is the
angle of ∆. The free energy can be rewritten in the form of
the eigenvalues and eigenstates,
ELO =
1
V
∫
V
d3r2(2εQ cos
2 (Q · r)− |∆Q|)|Ψ−,Q|2
+8λ|Ψ−,Q|2 cos4 (Q · r) ,
We use integral
1
V
∫
V
d3r cos2 (Q · r) = 1
2
+
1
2
δ(Q),
1
V
∫
V
d3r cos4 (Q · r) = 3
8
+
5
8
δ(Q),
to obtain
ELO = 2(εQ − |∆Q|)|Ψ−,Q|2 + 3λ|Ψ−,Q|4,Q 6= 0,
ELO = 2(2εQ − |∆Q|)|Ψ−,Q|2 + 8λ|Ψ−,Q|4,Q = 0.
Comparing with the calculations in the main context,
EFF = (εQ − |∆Q|)|Ψ−,Q|2 + 1
2
λ|Ψ−,Q|4.
We can see that the FF-like state has lower energy, which is
preferred in the ground state regime.
B. Coupling Correction
Suppose we have Bogliubov Hamiltonian for different
modes in a block formula,
H =
(
ξ† η†
)(
H11 H12
H21 H22
)(
ξ
η
)
.
To obtain the ξ modes corrected by η modes, we need to
integrate out the η modes,∫
dηdη†e−H = e−ξ
†H11ξ
∫
dηdη†e−η
†H22η−(H21ξ)†η−η†(H21ξ)
= 1
det(H22)
e−ξ
†H11ξ+ξ
†H12H
−1
22 H21ξ,
thus, the corrected ξ modes Hamiltonian isH11−H12H−122 H21.
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